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Abstract. A path integral representation for the system with spin is considered. Explicit path
integral representations are given in classical phase space for spin realized as the cd@hfdex K
manifold and as the Grassmann algebra for the épcimse.

1. Introduction

The path integral representation of the wavefunction has the advantage of a clear and compact
formulation of quantum theory in terms of classical theory. In some cases, spin effects should
be taken into account, for example in the cases of polarized electron beam scattering or studies
of magnetic materials.

The works of Klauder [1, 2] are related to this subject. These works use spinor coherent
states with the parametrization of spin phase space by spherical coordinates. In the present
work we give an explicit path integral representation in classical phase space for spin realized
as the complex Ehler manifold. This form is natural in the case of complex realization of
phase space for non-spin variables (the Fock—Bargmann representation of wavefunctions).

The spin% case can be treated in terms of fermi operators. The corresponding path
integral representation uses Grassmann variables. Although there are many works devoted
to this subject, all of them assume (explicitly or not) that the Hamiltonian is even function
of fermions. The path integral representation in Grassmann algebra in the general case of a
Hamiltonian of arbitrary parity can be found in [3]. In the present paper we use this result to
find an explicit path integral representation in the case of épin-

2. A path integral representation for a system with spin

Spin effects are described by a relativistic Hamiltonian. The relativistic Hamiltonian correct
to 1/c (c = 137 au—the velocity of light), which is known as the Pauly Hamiltonian, is
2
I?:E(ﬁ—EA> +v-lip (2.1)
2 c c

wheres is the spin operatoi3 = rot A is the magnetic field with vector potentidl, (atomic
units are used). The corresponding Schinger equation contains the spinor wavefunction

The Hamiltonian equation (2.1) describes propagation in a magnetic field. In the absence
of magnetic field, spin effects of higher order, such as spin—orbit and spin—spin interactions,
are distinct. They are described by the relativistic Hamiltonian corregttovthich is known
as the Breight Hamiltonian.
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We should write formulae, for instance, of Hamiltonian equation (2.1) only, although all
results are valid for an arbitrary Hamiltonian.

The path integral representation may be derived by using generalized coherent state theory
[4]. For a system with spin we consider two possible systems of generalized coherent states:
(i) Spinor coherent states [1, 4] (section 2.1); (ii) fermion coherent states [5] (section 2.2).

2.1. Spinor coherent states

In this case spin operatogsare treated as generators of the gréyp(3) locally isomorphic to
SU(2). The corresponding generalized coherent states are parametrized by elements of some
homogeneous spacéeof the groupSU (2) [4]. The spaceY’ is a Kahler manifold and may be
treated as a classical phase space for spin. It is isomorphic to the sghardimension two
and has two standard local coordinate realizations:

(1) by spherical coordinates df;

(2) by stereographic projection 6% on complex plan€.

Case (1) was considered in [1,2]. We consider case (2) and write the coherent state as
|¢), with complex¢ € C, and the adjoint state d&*|.

Coherent states define covariant symbols of the operators [6] as

« (¢*[Aln)
AE", ) T (2.2)

which may be treated as the corresponding classical values (the correspondence principle).

Coherent states also define covariant symbols of the wavefunctions

(C*yr

V(T = 2.3
(¢*]0) @3)

where|0) is the vacuum state.

Operators and wavefunctions can be restored by their symbols.

The covariant symbols of the spin operatare

18+n 18 —n 11-¢"n

(&5 =5 ) == (L) =—32 : 2.4
sx(¢*,m) 2140 sy = o 150 5: (&%, m) 21+ (2.4)

First, let us formulate the path integral representation for spin motion only. The spinor
wavefunction symbol has the following representation:

V() = f exp(i$) i, (£*(0) dZ* dt. (2.5)
Formula (2.5) assumes integration by all virtual trajectoties in phase spac&’ with the
condition

) =¢* (2.6)
at the final point.

1 * ¥ - e
S=/(78 F(¢",¢)—H( ,C)dt)
is the classical Hamilton-&hler action, where
F=In(1+¢%¢)

is the potential of Khler’'s metrics ot and

¢ dc~

FF =
1+5%¢
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is the differential 1-form on the complexified cotangent fibration for manifold
The continual path integral (2.5) can be treated as the limit of the finite-dimensional
approximations [6]

Vgt = / eXP(i ) Vi (23) A5 dF

whereZ* = (&g, ..., &), £ = (Co, - - -, &) is the discrete phase trajectory,
1
dg*dg = [ [due @
0

where

2 9%F 2 dc* Ad
———d* Ade = __&
7 95*a¢ m (1+5%¢)?
is the invariant measure ot, and

!
1
S =) AS ASi = TALF — AtH (5, ) (2.7)
k=0

where

AGF = F(Ghy. 00 — F&E ).

The covariant symbol of the Hamilton operator (2.8)(¢/,,, ¢x), can be expressed by the
covariant symbols of the spin operatag;,,, &), equation (2.4).

The corresponding expressions for both the spin and orbital motions are as follows. For
a continual path integral

V(" q) = / exp(i$)yin (£*(0), §(0)) dZ* dg dg dp
with virtual trajectories with the conditions of equation (2.6) and

q) =q (2.8)
at the final point, and

1 * eI ~ ~ ok m ~

S=/(73 F(¢*,¢)+dgp — H( ,é“,q,p)dt)-
For finite-dimensional approximations

Ve = [ xRS, qo) & 4G 0
whereS; has the form of equation (2.7) with

1
AS = TAZF + Aqipr — AtH (841, Sks ity Pr)- (2.9)

The covariant symbol of the Hamilton operator (2.1) correct/ioig
. 1, 1 i
H (85 Sk Grests P) = >Pk ;pkA(‘Zkﬂ) - 2_ch A(gi+1) + V(qre)

1
—28(4“13111 $) B(qr+1)- (2.10)

It should be noted that the path integral in compléhler phase space for spin is natural
in the case of complex realization of phase space for non-spin variables (the Fock—Bargmann
representation of wavefunctions). We have a complex total phase space.



1288 V'V Smirnov
With
= L—ip L q+ip)
I = —= — 1= —
/2 q p /2 qTip
the corresponding continual path integral is

V(" q) = / exp(iS) ¥in (¢*(0), 2*(0)) dg* dg dz* dz
with virtual trajectories with the conditions of equation (2.6) and

at the final point, and
1* eI 1~*~ Tk . o=k
S=/<73 F(& ,§)+i—dz 1—H( ¢,z ,Z)dt)-
For finite-dimensional approximations

Vi i) = [ XRS5, 25) o o 2
whereS; has the form of equation (2.7) with

1 * 1 * * *
AS; = i_AkF + TAZka - AIH(§k+1: Ck» Zp+10 k).

2.2. Fermions coherent states

In the case of spir%— operatorss may be treated in terms of two operatérss_

Sy = %(§+ +5.) 5y = §(§+ —52) S, = §[§+, |
where [, ] is the commutator.

Operators,, s_ satisfy canonic anticommutation relations

1=1[65]" 0 =[5, 8] 0=1[5_,5_]-
where [, ]_ is the anticommutator.

So they are Fermi operators and generators of the Heisenberg—Weyl supergroup and define
the corresponding set of generalized coherent states [4, 5].

It should be noted that coherent states of the fermions introduced in [5] do not exist in the
usual space of wavefunctions but only in its extension by Grassmann algebra. Nevertheless,
these states can be used in calculations and give correct results.

The classical phase space for fermions is the Grassmann algebtia involution *.

We write the coherent state &s) and the adjoint state ag*|, where¢, ¢* € G are
Grassmann algebra generators.

The important difference with usual phase spaces is in the fact that the Grassmann algebra
is not commutative and hence the corresponding symbols of operators are also not commutative
in the general case. This leads to some peculiarities in the path integral representation as was
shown in [3].

The covariant symbols are defined similar to those in equations (2.2) and (2.3).

As in section 2.1 let us consider first the spin motion for ‘frozen’ orbital motion. The
spinor wavefunction symbol has a continual path integral representation similar by form to
equation (2.5)

YY) = / exp(iS) ¥, (£*(0)) dZ* dg. (2.11)
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Formula (2.11) assumes integration by all virtual trajectoies’ in phase spacé with a
condition similar to equation (2.6) at the final point and

s= | (Tl 6°F - HE Dy - 1o dt) (2.12)

where the ternO according to [3] is
t
0= H°<2*,E>/ HO(Z*, &)dr'. (2.13)
0

and H° is the odd part off in the Grassmann algebga

Without the term in equation (2.13), equation (2.12) has the same form as the Hamilton—
Kahler action for commutative variables. It is valid for the even Hamilton funcith=£ 0).
The nonlinear Hamiltonia# term in equation (2.13) is the specific feature of the path integral
representation in the Grassmann algebra in the general case of the Hamiltonian symbol with
arbitrary Grassmann parity [3].

It should be noted that the Pauli Hamiltonian equation (2.1) has no definite parity and it
is essential to take into account the nonlinear term in equation (2.13).

The continual path integral equation (2.11) is treated as the limit of the finite-dimensional
approximations

Ui = [ expis e i
whereZ* = (&g, ..., &), £ = (o, - - -, &) is the discrete phase trajectory,
1
dg*de =[] dgra
0

and with integration in the Grassmann algebra [6]. The t&rhas the form of equation (2.7)
with

1 1
ASp = TAGL — AH (. 6) — AT 0y

where

k
O = HO(gfhy GOAL Y HO(CHy. C)).-
j=0

The covariant symbol of the Hamilton operator equation (24", ,, ¢x), can be expressed
by the covariant symbols of the spin operaig;’, ;, ¢x), which are

5 (¢ ,n)=§(§ +1) s5y(¢ ,n)=z(§ —1n) s (C5m =¢ n= 3 (2.14)

The symbols,, s, are odd and; is even in Grassmann algebra.
For both the spin and orbital motions the corresponding expressions are as follows. For
the continual path integral

vt q) = / eXPLi S) ¥ (7(0). G(0)) dZ* o dg dj

with virtual trajectories with the conditions of equation (2.6) and (2.8) at the final point and
the superaction

s=f<71d5*5+ déﬁ—H(E*,Z,q,mdz—TlOdz)
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where
0 =H°¢" ¢, 4, ﬁ)/o H°(¢*,¢.q, p)dt’

and H° is the odd part off in the Grassmann algebga.
For finite-dimensional approximations

V(s Qi) = / exXp(iS) Vin (¢5, go) dZ* d¢ dg dp

whereS; has the form of equation (2.7) with

1 1
AS; = i—ACk*é“k + Aqipr — AtH (841, Sk Grrts Di) — AIT Ox

whereAgf = ¢, — ¢f and

k
O = H°(gfs1. Cks qrr1s Pr) AL Z H°(Ef115 s qj+1s P))-
j=0
The covariant symbol of the Hamilton operator equation (2.1) correcictaskimilar in form
to equation (2.9) with equation (2.14) for the spin operator symbols.

3. Conclusions

There can exist different realizations of the classical phase space for spin and corresponding
different path integral representations. Although the realization of phase space as a sphere of
dimension two with natural spherical coordinates is widely used, other possible realizations,
such as the complex ahler manifold and the Grassmann algebra for %Qirh}ave certain
advantages.

The path integral in complex #ler phase space for spin is natural in the case of
complex realization of phase space for non-spin variables (the Fock—Bargmann representation
of wavefunctions).

In the case of Grassmann algebra the nonlinear Hamiltonian term in equation (2.13) is
a specific feature of the path integral representation in the general case of the Hamiltonian
symbol with arbitrary Grassmann parity.
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